Abstract: Molecular motors operate in an environment dominated by thermal fluctuations. A molecular motor may produce an active force at the reaction site to directly move the motor forward. Alternatively a molecular motor may generate a unidirectional motion by rectifying thermal fluctuations. In this case, the chemical reaction establishes free energy barriers to block the backward fluctuations. The effect of the chemical reaction on the motor motion can be represented by the motor potential profile (rectifying barrier and/or active driving force). Different motor mechanisms are characterised by different motor potential profiles. The mathematical theory and properties of molecular motors are discussed and a mathematical framework is developed for extracting the motor potential profile from measured time series of motor position. As an example, we discuss the binding zipper model for the F 1 ATPase, which was motivated mainly by the fact that the motor potential profile of the F 1 ATPase is nearly a constant slope.
Introduction
Protein motors play a central role in many cell functions. For example, myosin drives muscle contraction, kinesin drives intracellular vesicle transportation and moves chromosomes during mitosis, and the V-ATPases regulate intracellular acidity. Understanding the operating principles of protein motors is crucial to comprehending intracellular protein transport and cell motility. From the bioengineering point of view, understanding the operating principles of protein motors is crucial to incorporating protein motors into artificial systems, artificially controlling protein motors and manufacturing artificial motors.
Two key characters of molecular motors distinguish them from macroscopic motors; the motor motion is dominated by thermal fluctuations and the effect of inertia is negligible [1] . For a molecular motor, the instantaneous velocity fluctuations are several orders of magnitude larger than its average velocity. A unidirectional motion may be generated by allowing thermal fluctuations in the favoured direction while blocking those in the opposite direction. Such a motor is generally called a Brownian ratchet [2] [3] [4] [5] [6] . For a Brownian ratchet, there is no kinetic energy flow from the reaction site to the motor motion and the motor is moved directly by thermal fluctuations. Thus, a Brownian ratchet cannot operate without thermal fluctuations. It should be emphasised that the free energy for the unidirectional motion comes from the chemical reaction. Without the rectifying barriers established by the reaction, the forward and backward fluctuations are equally likely, and on average there is no unidirectional motion. Another way of generating a unidirectional motion is to produce an active force at the reaction site and use it to directly move the motor forward. Such a motor is generally called a power stroke motor [7, 8] . In a hypothetical situation, a power stroke motor could operate in the absence of thermal fluctuations if the chemical reaction and force production at the reaction site were not affected by the lack of thermal fluctuations (of course, in a realistic situation, the chemical reaction will not happen in the absence of thermal fluctuations). In [9] , two representative models were considered for chemically driven transport; information ratchet and energy ratchet. The information ratchet in [9] corresponds to the Brownian ratchet in this article, while the energy ratchet in [9] has a large component of power stroke and a small component of Brownian ratchet.
The current experimental technologies permit measurement of forces and motions of a single protein motor to the precision of piconewtons and nanometers [10] [11] [12] [13] [14] . In the past, the measured time series of motor position were used to calculate the average velocity and the randomness parameter of the motor [10, 15] . The time series actually contain more information. We use a motor potential profile to represent the effect of the chemical reaction on the motor motion. For a Brownian ratchet, the potential profile is a sequence of vertical free energy drops acting as rectifying barriers when the motor tries to fluctuate backward. For a power stroke motor, the potential profile is a gradually decreasing function of the motor position. Brownian ratchet and power stroke motor are two extreme situations. The potential profile of a motor may have both vertical free energy drops and gradually decreasing slopes. The potential profile is the link between the chemical reaction and the motor motion. More important, it can be reconstructed from measured time series of motor position. Thus, the potential profile is a measurable quantity that provides insight into the physical mechanism of energy transduction.
Below, we will first discuss the effects of thermal fluctuations and inertia, and introduce the mathematical framework for modelling molecular motors. Then we will define the motor potential profile and describe an approach for reconstructing it from the measured time series of motor position. After that we will discuss the Stokes efficiency for motors working against viscous drag, and decompose the Stokes efficiency into two components; a 'chemical' component measuring how efficiently the potential profile is generated in the chemical reaction and a 'mechanical' component measuring how efficiently the potential profile drives the motion. Finally, we will discuss what the potential profile tells about the motor mechanism. As an example, we will discuss the binding zipper model for the F 1 ATPase. The binding zipper model was mainly motivated by the assertion that the potential profile of the F 1 ATPase is nearly a constant slope.
Mathematical description and properties of molecular motors
The one-dimensional motion of an object in a fluid environment subject to a potential f S is described by the Langevin equation
where v(t) is the velocity of the object, m the mass, z the drag coefficient, k B the Boltzmann constant and T the absolute temperature [16] .
Time scale of inertia and thermal excitations
In the absence of a potential, the object relaxes to thermal equilibrium with the environment. Both the average velocity and the average kinetic energy relax with a time scale of
Equation (2) shows that the effect of initial velocity decays with a time scale of t 0 . Thus, it is a matter of time scale when we look at the effect of inertia. If we are interested in the behaviour for time scales much larger than t 0 , we can safely ignore the effect of inertia. For molecular motors, the time scale t 0 is very small. A 1 mm bead in water yields t 0 E56 Â 10 À9 ¼ 56 ns. This is much smaller than the time scale of the motor reaction cycle. Equation (3) shows that the thermal fluctuations typically change the kinetic energy of the object by an amount of k B T in a time scale of t 0 . The importance of thermal fluctuations is determined by comparing k B T/t 0 with the rate of energy transduction. For molecular motors, k B T/t 0 is much larger than the energy transduction rate. For example, a 1 mm bead in water yields k B T/t 0 E1.8 Â 10 7 k B T/s while the energy consumption rate for a kinesin dimer is bounded by 2000 k B T/s (at a hydrolysis rate of 100 ATP/s [17] ). It should be noted that for a 1 mm bead in thermal equilibrium with the environment, the root-mean-square velocity is huge ffiffiffiffiffiffiffiffi
In contrast, the maximum average velocity of a kinesin dimer is 1 mm/s [18] . In general, for molecular motors, the fluctuations in the instantaneous velocity are several orders of magnitude larger than the average velocity.
Stochastic evolution of the motor system (Langevin formulation)
Molecular motors operate in a fluid environment. Their size is generally of the order B10 nm. The cargoes that molecular motors drive can be in the micron range [19] . The time scale of reaction cycles in molecular motors is 1 ms or longer; much larger than the time scale of inertia. As a result, the effect of inertia can be ignored for molecular motors. In each chemical state, the mechanical motion is described by a Langevin equation where F Load is an externally applied conservative force and f S is the periodic potential corresponding to the chemical state S of the motor system. In our study, the motor system contains the motor, the cargo and (if applicable) the polymer track the motor is interacting with. In the experimental setup in [10] , the kinesin motor system contains the kinesin dimer, the latex bead and the microtubule. The force clamp is an external system that exerts a conservative load force on the motor system. In the experimental setup in [13] , the F 1 motor system contains the F 1 ATPase and the actin filament. These two experimental setups are schematically shown in Fig. 1 . In our study, the chemical state of the motor system refers to the occupancy state of the reaction sites and the interaction state of the motor with the polymer track.
The phase space for the motor system is the product of a continuous variable x(t) indicating the motor position, and The kinesin motor moves along a microtubule, towing a large latex bead. A force clamp exerts a constant load force on the bead b F 1 ATPase [13] The bottom of the F 1 ATPase is attached to a coverslip. The rotating shaft drives a long actin filament a discrete reaction coordinate S(t) indicating the occupancy state of the motor system. We model the chemical transition (change of occupancy state) as a discrete Markov process. Here {s 1 , s 2 , y, s N } represents the set of all occupancy states of the motor system. K(x) ¼ {k ij (x)} is the matrix of transition rates: k ij (x) is the transition rate from state s j to state s i . For ATPase motors, the ATP hydrolysis cycle at each catalytic site goes through four occupancy states [20] [21] [22] 
The ATP hydrolysis cycle involves more than just the change of occupancy. For example, in the ATP binding process, an ATP in solution first diffuses to the catalytic site and is weakly bound (ATP docking). Then the ATP proceeds from weak binding to tight binding (the binding transition). During the binding transition, the bonds between the ATP and the catalytic site form progressively, and each bond formation drives a small conformational change of the catalytic site. A more accurate diagram for the ATP binding process is [8, 23] CS þ ATP ! If the motor interacts with a polymer track, the occupancy state also reflects this interaction. For example, the interaction between a kinesin dimer and a microtubule has at least two states; one head attached or two heads attached. In the mathematical formulation, only the change of interaction state (e.g. docking and detaching of a kinesin head from the microtubule) is modelled by the Markov process (5) . The change of interaction that is directly coupled to the mechanical motion (e.g. the transition from weak to strong binding of a kinesin head to the microtubule) is modelled as the motor driving force Àf 0 S ðxÞ in (4). The stochastic evolution of the motor system (the mechanical motion and the chemical reaction) is described by (4) and (5).
Evolution of the probability density (Fokker-Planck formulation)
In experiments, only average quantities can be reliably observed or calculated. These average quantities include (but are not limited to) average velocity, reaction rate, effective diffusion coefficient, randomness parameter and the motor potential profile. In mathematical modelling, to compute average quantities of the motor system, we only need to follow the evolution of the probability density. Let r j (x, t) be the probability density of finding the motor system at position x and in occupancy state s j at time t. The evolution of r j (x, t) is governed by a set of coupled FokkerPlanck equations which ensures the conservation of probability [24, 25] where D ¼ k B T/z is the diffusion coefficient. Notice that, although (6) is linear in terms of r j , it is nonlinear in terms of the vector (r j , F Load , f j (x), D, k ji (x)). Therefore, in general, the motor system does not respond linearly to the changes in the environment. In particular, the average velocity is generally not a linear function of the external load force. Equation (6) is the general mathematical framework for theoretical discussion of molecular motors [6, [26] [27] [28] [29] [30] [31] . Figure 2 shows two hypothetical motor systems. The system shown in Fig. 2a is a Brownian ratchet. It is a simplified version of the two half-channel model for the bacterial flagellar motor [32, 33] . f 1 ! f 2 !f f 1 represents one proton translocation cycle. It is important to distinguish f 1 andf f 1 when discussing energetics. Transition f 1 to f 2 (B to C) represents proton binding from the high concentration side. Transition f 2 tof f 1 (D to E) represents proton release to the low concentration side, which is very different from transition f 2 to f 1 . The shaded regions indicate where the transitions can occur. Notice that the transition region of f 1 to f 2 does not overlap with that of f 2 tof f 1 . This is necessary for preventing futile proton translocation not coupled to motor motion. In this motor system, the unidirectional motion is generated by rectifying thermal fluctuations. There is no active force to move the motor from A to B. However, a fluctuation to B will be rectified if the system switches from f 1 to f 2 at B.
The system shown in Fig. 2b is a power stroke motor. A-B-C-D-E represents one reaction cycle and one motor step. The potentials directly move the motor forward; B to C is driven by potential f 1 and D to E is driven by potential f 2 . However, the motion B to C depends on transition A to B, and the motion D to E depends on transition C to D. This motor system can be viewed as a much simplified model for the F 1 ATPase. The transition A to B represents the ATP docking, which initiates the power stroke generated by the ATP binding zipper [8, 23] . The transition C to D represents the ADP release, which is required for the completion of the power stroke. When the drag coefficient is large (e.g. the F 1 motor rotating a long actin), the motion is slow and the short pause waiting for ADP release is not detectable [12] . When the drag coefficient is small (e.g. the F 1 motor rotating a 40 nm gold bead), the pause waiting for ADP release is longer than the time scale of motion and can be resolved in experiments [34] .
Motor potential profile
In single-molecule experiments, time series of motor position are recorded [10, 12] . In the past, only a value of average velocity and a value of randomness parameter were extracted from each time series [10, 15] . It is possible to extract more information from time series of motor position. At any given motor position, the total force driving the motor consists of two parts; the motor force from the chemical reaction (Àf 0 S ðxÞ in (4)) and the Brownian force from thermal fluctuations ( ffiffiffiffiffiffiffiffiffiffiffiffi ffi 2k B T z p f ðtÞ in (4)). Both forces are stochastic. The motor force is stochastic even if the motor position is known because the chemical state of motor system is stochastic. The recorded time series do not contain enough information about the chemical state. Therefore, it is unrealistic to extract all potential curves for N chemical states. However, if averaged over all chemical states weighted with corresponding probabilities at each motor position, the motor force depends only on the motor position. We call it the motor force profile and its integral is the motor potential profile. Although the motor potential profile does not contain all information about the potential curves and transition rates in (6), it does capture major features of the motor behaviour. At least it reveals more about the motor mechanism than just the average velocity. The biggest advantage of studying the potential profile is that it can be extracted from the measured time series of motor position.
Mathematically, the motor potential profile is defined as follows. At the steady state, if we sum over all N component equations of (6), we have 
In [27] , an effective potential for a two-state model was considered in a similar way. Equation (7) shows that at the steady state, the motor behaves as if it were driven by the potential c(x). Thus, the motor potential profile represents the effect of the chemical reaction on the motor motion. Because c 0 (x) is periodic, c(x) can be written as
where L is the motor step size and f(x) is a periodic function with period L. (ÀDc) ¼ c(0)Àc(L) can be viewed as the potential energy per motor step available for driving the motor motion. How efficiently the potential energy (ÀDc) can be used to drive the motion depends on the shape of the potential profile c(x). This will be discussed in the following Section. Equation (8) does not provide us a direct way of calculating the potential profile c(x) from experimental data. Instead, c(x) can be reconstructed by solving the inverse problem of (7). In (7), the external load force F Load is measured in experiments and r(x) can be calculated from the measured time series of motor position. The probability density r(x) calculated using a histogram analysis is not smooth. Even the exact r(x) may have sharp jumps [3, 30] . Therefore, (7) and its inverse problem need special numerical treatments. We designed a robust numerical method that works even if r(x) and c(x) are discontinuous [35] .
Stokes efficiency and its relation to motor potential profile

Thermodynamic efficiency
When a molecular motor works against a conservative load force exerted by an external system, the motor system consumes chemical energy and outputs potential energy to the external system. For example, when a kinesin dimer moves along a microtubule towing a bead against a force clamp [10] , ATP hydrolysis free energy is consumed and the potential energy of the bead in the force clamp is increased (see Fig. 1a ). In this case, the thermodynamic efficiency Z TD is defined as the energy conversion efficiency
where ÀDG is the free energy change of one reaction cycle (e.g. ÀDGE20 k B T for the ATP hydrolysis cycle at physiological conditions [36] ), f Load the external load force (e.g. load exerted by the force clamp) and L the step size of 
Fig. 2 Two hypothetical motor systems
In both panels, A-B-C-D-E represents one reaction cycle and one motor step. The vertical difference between f 1 andf f 1 is the free energy change of one cycle. The shaded regions indicate where the transitions between two potentials can occur a Brownian ratchet. The potentials do not directly move the motor forward. Instead the unidirectional motion is generated by rectifying thermal fluctuations; the fluctuation A to B is rectified by the transition B to C b Power stroke motor. The potentials directly move the motor forward. The motion B to C is driven by potential f 1 . The transition C to D switches the system from the bottom of potential f 1 to potential f 2 so that the power stroke can continue the motor (e.g. L ¼ 8 nm for the kinesin dimer [18] ). Here we define the motor step size as the displacement corresponding to one reaction cycle.
Stokes efficiency
When a molecular motor works against the viscous drag, the situation is completely different. First of all, the viscous drag is not a conservative force; it cannot be expressed as a function of motor position. The viscous drag opposes motion in any direction and it vanishes when the motor stops moving. In this situation, chemical energy is consumed but there is no energy output from the motor system. For example, in the experiments visualising the rotation of the F 1 ATPase, a long actin filament is attached to the rotating shaft [12, 13] . The F 1 motor works against the viscous drag on the filament. As the F 1 motor rotates, ATP hydrolysis free energy is consumed but there is no energy output from the motor system (recall that the F 1 motor system contains both the F 1 motor and the actin filament) (see Fig. 1b ). The energy conversion efficiency is zero for the F 1 motor system. Nevertheless we want to measure how 'efficiently' the F 1 motor utilises the chemical free energy to drive the long actin filament through viscous fluid. When a motor works against the viscous drag, we define the Stokes efficiency (Z S ) as [31, 37] 
where z is the drag coefficient and /vS the average velocity of the motor, and L the step size of the motor (e.g. L ¼ 1201 for the F 1 motor). It should be emphasised that every quantity in (10) is measurable in experiments. In (10), the denominator (ÀDG) is the free energy consumed per motor step. The numerator z/vSL measures the mechanical performance of the motor. For fixed energy consumption, the larger the average velocity, the better the motor performance. However, the numerator does not have a clear thermodynamic meaning. In particular, the numerator is not the irreversible dissipation caused by the viscous friction. Therefore, it is not trivial to show that the Stokes efficiency defined in (10) is bounded by 100% [31] . Generally, for a molecular motor subject to both the viscous drag and the conservative load force, the Stokes efficiency is defined as Z S ¼ z/vSL/(ÀDG+f Load L).
Chemical component and mechanical component of the Stokes efficiency
The motor potential profile serves as the link between the chemical reaction and the motor motion. It is produced by the chemical reaction and used to drive the motion. Therefore, we can use it to decompose the overall Stokes efficiency into two components; a chemical component and a mechanical component. As we discussed in the previous Section, (ÀDc) ¼ c(0)Àc(L) is the potential energy produced in one reaction cycle to drive the motion. The Stokes efficiency can be written as
The 'chemical' component (ÀDc)/(ÀDG) measures how efficiently the chemical reaction generates the potential energy (ÀDc). The 'mechanical' component (z/vSL)/ (ÀDc) measures how efficiently the potential energy (ÀDc) drives the motion. It can be shown that both of these two components are bounded by 100%. Therefore, if the Stokes efficiency is near 100%, then both components must be near 100%. The mechanical component of the Stokes efficiency is determined by the shape of the potential profile. From (7) 
An example: the binding zipper model for the F 1 ATP synthase
The F 1 motor of ATP synthase provides a unique system to study the molecular mechanism whereby the chemical energy in the g-phosphate bond of ATP is converted into a mechanical torque. Taking together the structural, biochemical and mechanical experimental results, we proposed the binding zipper model for the energy transduction mechanism of the F 1 ATP synthase [8, 23] . In the hydrolysis cycle, an ATP in solution first diffuses to the catalytic site and is weakly bound (ATP docking). Then the ATP proceeds from weak binding to tight binding (the binding transition). During the binding transition, the bonds between the ATP and the catalytic site form progressively, ATP binding affinity increases gradually, and each bond formation drives a small conformational change. In this way, the binding free energy is used efficiently to generate a nearly constant force during the multistep ATP binding transition. The role of hydrolysis is to weaken the binding and distribute it over the two products so that the products can be released and the cycle repeated. Conversely, in the synthesis cycle, the newly synthesised ATP is tightly bound to the catalytic site. The torque generated in the F 0 portion of the enzyme weakens the binding gradually from tight to weak until thermal fluctuations dislodge the ATP. The binding zipper model is in contrast to the models that assume that the elastic energy must be accumulated and then used all at once to release ATP [38] . In the binding zipper model, during both the hydrolysis and synthesis cycles, rotation is continuously coupled to the change of ATP binding affinity.
When we proposed the binding zipper model for the F 1 motor, one of the constraints was that the model should utilise nearly all free energy and produce a nearly constant motor torque. At that time, this constraint was put in, based on the analysis of a simple example, to match the experimental observation that the Stokes efficiency of the F 1 motor is near 100%. Now with the concept of motor potential profile and the decomposition of Stokes efficiency, we can justify this constraint. In (11) , when the Stokes efficiency is near 100%, both the chemical component and the mechanical component must be near 100%, which implies that nearly all of the chemical energy is converted to the motor potential for driving the motion and that the potential profile is close to a constant slope.
The binding zipper model is not limited to the binding of ATP to the catalytic site. In walking motors (e.g. kinesins and myosins), each head has two binding partners; nucleotide and the polymer track. Some or all of the force may be generated during the binding of head to track (e.g. kinesin head binding to microtubule, myosin head binding to actin). To repeat the force generation cycle, the binding of head to the track must be reset. The dissociation of myosin head from the actin is driven directly by the ATP binding zipper [39] . The dissociation of kinesin head from microtubule appears to be facilitated by the neck linker (another binding zipper) [40, 41] , which, in turn, is driven by the ATP binding zipper.
Discussion
Molecular motors convert chemical energy to mechanical work while operating in an isothermal environment dominated by thermal fluctuations. In comparison with macroscopic motors, molecular motors have many peculiar characters:
(i) the time scale of inertia is much smaller than that of the reaction cycle (ii) the rate of thermal excitations is much larger than the rate of free energy consumption (iii) the instantaneous velocity fluctuations in a reaction cycle are several orders of magnitude larger than the average velocity In contrast, for macroscopic motors, the velocity fluctuations in one reaction cycle are negligible (thinking about the velocity fluctuations of a motorcycle in a fourstroke cycle).
In this article, based on the mathematical framework for molecular motors, we defined and studied the motor potential profile, which is the link between the chemical reaction and the motor motion. The potential profile informs us about the motor mechanism. Most important, it can be reconstructed from the measured time series of motor position. Therefore, through the potential profile, theoretical studies can be related to experiments. Here the small size of molecular motors plays an interesting role. On one hand, the effort of deciphering the motor mechanism is, in many aspects, hindered by the small size. On the other hand, the small size eliminates the effect of inertia and makes it possible to uncover the motor force profile from time series. For macroscopic motors, the effect of inertia lasts over many cycles. Consequently, it is difficult to determine the force profile of a macroscopic motor from recorded motor positions. Just imagine trying to uncover the force profile of a single cylinder engine from recorded positions of a motorcycle.
Different motor mechanisms are characterised by different potential profiles. If the potential profile c(x) is a constant slope, then the potential energy (ÀDc) is used uniformly to produce a constant force over the whole motor step. Such a motor is a power stroke motor. If the potential profile c(x) is a flat step followed by a vertical drop, then the potential energy (ÀDc) does not produce an active driving force. Instead it produces a free energy barrier for rectifying thermal fluctuations. Such a motor is a Brownian ratchet. In general, the shape of the potential profile c(x) tells us which fraction of a motor step is driven by a power stroke (active driving force) and which fraction is driven by a Brownian ratchet (barriers rectifying thermal fluctuations). The dependence of the average velocity (a scalar) on the external load force and reactant/product concentrations has already yielded valuable information about motor mechanism [42, 43] . The dependence of the potential profile (a function) on these factors will reveal more.
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